The time-fractional diffusion-wave equation is considered in an infinite cylinder in the case of three spatial coordinates r, ϕ and z. The Caputo fractional derivative of the order 0 < α ≤ 2 is used. Several examples of problems with Dirichlet and Neumann boundary conditions at a surface of the cylinder are solved using the integral transforms technique. Numerical results are illustrated graphically. 
Introduction
The time-fractional diffusion-wave equation describes many important physical phenomena in dielectrics, semiconductors, biological systems, polymers, amorphous, colloid, porous and disordered media.
Consider the balance equation for mass ρ ∂u ∂t = −div j (1.1) and the time-nonlocal dependence between the matter flux j(t) and the concentration gradient grad u with the "long-tale" power kernel [25] , [29] , [30] (see also [6] ):
where ρ is is the mass density, k is the diffusion conductivity, I α−1 and D
1−α RL
are the Riemann-Liouville fractional integral and derivative, respectively [5] , [10] , [23] :
n−β−1 u(τ ) dτ , n − 1 < β < n. with a = k/ρ being the diffusivity coefficient. Integrating Eq. (1.5) with respect to time, we obtain
It should be emphasized that the Caputo fractional derivative [5] , [10] , [23] 
of constant is zero. Hence, applying to the both sides of (1.7) the Caputo derivative
we obtain
Similarly, for 1 < α ≤ 2 we get
or, after applying of
∂t α−1 to the both sides of (1.11),
In the general case,
Therefore, Eq. (1.12) can be rewritten as
From Eqs. (1.10) and (1.13) we have the diffusion-wave equation with time-fractional Caputo derivative of the order 0 < α ≤ 2.
Starting from the pioneering papers [2] , [16] , [17] , [33] , [36] , considerable interest has been shown in solutions to time-fractional diffusion-wave equation. Various mathematical aspects concerning the existence, uniqueness, well-posedness, and space of functions for the solutions for time-fractional diffusion-wave equation are discussed in [1] , [7] , [8] , [11] , [14] , [15] , [35] .
In previous studies concerning the time-fractional diffusion-wave equation in cylindrical coordinates only one or two spatial coordinates have been considered [9] , [12] , [13] , [18] , [19] , [20] , [21] , [22] , [25] , [26] , [27] , [28] , [31] , [32] , usually in the case of axial symmetry. In reality, an assumption of axis-symmetry is only a rough approximation. In this paper we investigate solutions to time-fractional diffusion-wave equation in a cylinder of infinite length in the case of three spatial coordinates. A cylinder can be considered as an infinite one if its length is significantly greater than its radius.
The Dirichlet boundary condition
Consider the time-fractional diffusive-wave equation in cylindrical coordinates in a domain 0
subject to initial conditions
2)
At a surface of cylinder the Dirichlet boundary condition with the prescribed value of a sought-for function is given
The solution of the initial-boundary-value problem (2.1)-(2.4) can be written as
(2.5) where the fundamental solutions are obtained using the integral transform technique [3] , [34] and have the following form:
and
Here the prime near the Bessel function J n (r) denotes the derivative, whereas the prime near the summation symbol
means that the term corresponding to n = 0 should be multiplied by 1/2. In Eq. (2.6), ξ nm are the positive roots of the transcendental equation In Eq. (2.6), E α,β (z) is the generalized Mittag-Leffler function in two parameters α and β [5] , [10] , [23] :
It should be noted that Eqs. (2.5) and (2.6) as well as (3.3) and (3.4) for the particular cases of the standard diffusion equation (α = 1) and of the classical wave equation (α = 2) with
= sin x are presented in the book of Polyanin [24] . As usually, E α,1 (z) = E α (z).
Figures 2.1-2.7 show dependence of the fundamental solution G g on cylindrical coordinates for various values of κ = √ at α/2 /R. The parameter κ can be considered as nondimensional time. In the Dirichlet boundary condition we have introduced a constant g 0 to obtain the nondimensional quantitȳ
displayed in the figures.
The Neumann boundary condition
For mathematical Neumann boundary condition (the first Neumann boundary condition), the boundary value of the normal derivative of a function is prescribed:
For physical Neumann boundary condition (the second Neumann boundary condition), the boundary value of the flux is prescribed:
The solution reads
(3.
3) The fundamental solutions are written as ⎛
In Eq. Dependence of the fundamental solution G G (r, ϕ, z, φ, ζ, t) on cylindrical coordinates is showm in Figs. 3.1-3.4 , wherē
The corresponding results for the fundamental solution G j (r, ϕ, z, φ, ζ, t) are displayed in Figs. 3.5-3.8 for the nondimensional quantitȳ
Numerical work
Numerical calculations were carried out using computer program written in FORTRAN. In double series we have taken n = 30, m = 50. Increasing n and m practically does not change the results.
The series representation (2.9) of the Mittag-Leffler type functions is inconvenient for numerical calculations, especially for large values of argument. The integral representations of these functions suitable for such calculations were obtained by Gorenflo and Mainardi [4] , [5] :
2) where for 0 < α < 1 we have g α (x) = 0, g α,α (x) = 0, and for 1 < α < 2
For large values of negative argument the Mittag-Leffler function are calculated according to the following asymptotic
Figures 2.7, 3.4, and 3.8 have been plotted using the AXUM graphing package.
Concluding remarks
The solutions to non-axisymmetric problems for time-fractional diffusionwave equation with the source-term have been found for an infinite cylinder. Numerical results show unusual behavior of solutions in comparison with those for the classical diffusion equation. Changes of sign of solutions for 1 < α < 2 with increasing κ in Figs. 2.2 and 2.5 and Figs. 2.3 and 2.6 are worthy of notice. In Figs. 2.4-2.6 we have not displayed curves for 0 < α < 1 as the solutions are very small (dissipation typical for the standard diffusion equation). Figures 3.1-3 .4 and 3.5-3.8 show significant difference between solutions of the first and second Neumann boundaryvalue problems. In the case of the prescribed boundary value of the flux only the solution to the classical diffusion equation (α = 1) has no singularity at the point of application of the delta pulses (Figures 3.5-3.7) . Such singularities are due to the behaviour (4.6) of the Mittag-Leffler function E α (−x) for large values of argument.
For 1 < α < 2 the solutions to the fractional diffusion-wave equation feature propagating humps, underlining the proximity to the standard wave equation in contrast to the shape of curves describing the subdiffusion regime (0 < α < 1).
